Logic, Sets & Relations


     
Math 220S
Exam 3 Practice Problems

1.  Use definitions and negation rules to translate the following into statements involving quantifiers and/or logical connectives.  Do not leave a negation as a prefix for a compound sentence.  (S, X, Y, etc. denote sets; f, g, etc. denote functions; R denotes a relation on S.)  Did I mention, quantifiers?!

a.  Let 
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 g is 1-to-1 if and only if ___________________________

b.  Let  
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 t is not in the range of g if and only if _____________________

c.  R is antisymmetric if and only if  ___________________________________

d.  R is reflexive if and only if  _________________________________

e.  R is not transitive if and only if  ____________________________________

2.  True, or false?  If false, give a specific counterexample.  


a.  For all relations R on the natural numbers, if a R b and a R c, then b=c.


b.  For all functions f : A → B, if f(a) = b and f(a) = c, then b=c.

c.  If A is any partially ordered set, then A will have at least one  minimal element.


3.  Consider the “subset of” relation on the power set of {1, 2, 3, 4, 5, 6, 7, 8}.  Is it a partial ordering?  _______  A total ordering?  ________  A well ordering?  _________  Justify.
4.  Let P = {{1, 2}, {4, 6}, {5}} and S = {1, 2, 3, 4, 5, 6}.  Define a relation on S as follows:  a R b if and only if for some X in P, a ( X and b ( X.  Is R an equivalence relation on S?  ______ (Explain!)
5.  Complete the definitions below (S, T represent sets).  Don’t forget quantifiers where necessary!!


a.  Let f be a function from X to Y.  f is onto if and only if ...

b.  Let R be a relation on a set S.  R is a partial order on S if and only if ...



c.  Let R be a partial order on a set S.  R is a total order on S if and only if …
6.  Consider the following relation on Z (integers):  a ~ b iff  3 divides a - b (congruence mod 3).  What is [2]?
7.  Consider the following relation on (2:  
(a,b) ~ (c,d) means a - b = c - d.  Describe the equivalence classes of this relation (in a geometric way).
8.  Give specific examples of functions from ( to ( which are (a) one-to-one but not onto; (b) onto but not one-to-one; (c) both one-to-one and onto.
9.  Let f map 
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10.  Let V = {{1, 2}, {2, 3}, {1, 2, 3}, {1, 2, 3, 4}}.  Order V with the “subset” relation:  draw an appropriate lattice diagram for (V, () and indicate any maximal or minimal elements. 
11.  Prove the following theorem.
Theorem:  Let f be a function from X to Y, and let g be a function from Y to Z.  If f maps onto Y, and g maps onto Z, then 
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 maps onto Z.

12.  Prove the following theorem, using the definition of "divides."

Theorem:  Let "|" be the “divides” relation on the set N of natural numbers.  Then | is a transitive relation on N.
13.  Prove the following theorem.

Theorem:  Let 
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  Then f is a 1-to-1 function from ( to (.

14. Let f map R to R by the rule f (x) = x2 - 4.  Find the following inverse images of subsets of R.  Illustrate with helpful diagrams.
a. 
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c. 
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15.  Consider the “divides” relation on Z:  for integers a and b, a | b iff there exists an integer k such that b = ak.  Justify your answers to each of the following.

(a) Is this a reflexive relation on Z?

(b) Is this an antisymmetric relation on Z?

(c) Is this a partial order relation on Z?

(d) Is this an equivalence relation on Z?

(e)  Is this a function on Z (if we map a to b whenever a | b is true)?

16.  Consider the relation R = { (1,2), (2,3) } on the set S = {1, 2, 3}.  Justify your answers to each of the following.

(a) Is R an antisymmetric relation on S?

(b) Is R a transitive relation on S?

(c) Is R a partial order relation on S?

(d) Is R an equivalence relation on S?

(e) Is R a function?

17.  Define each term clearly and precisely using quantifiers and logical operators, etc.

(a) Let ~ be an equivalence relation on a set A, and let 
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(b) Let f be a mapping.  f is a function from X to Y means …

(c) Let f and g be functions.  
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 means …

(d) Let 
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 be a partial ordering on set S.  Then is a total ordering for S if ...

(e) Let S and P be sets.  P is a partition of S if …

(f) x is not in 
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 means …

18.  Let 
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 be a partial ordering on set S.  Let a, b be elements of S.  Translate each of the following using quantified logical statements.  Do not leave negation at the front of any compound statements; distribute negation through your statements as far as possible.

(a) b is a maximal element of S

(b) b is above a (in the lattice diagram) on an upward path

(c) a is the least element of S

(d) b is not the greatest element of S

(e) S has no maximal element

19.  Let 
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 be a function.  Translate each of the following into quantified (where necessary) logical statements.  Do not leave negation at the front of any compound statements; distribute negation through your statements as far as possible.

(a) g is one-to-one

(b) g does not map Y onto Z

(c) 
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20.  Prove:  Let 
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 be a partial ordering on set S.  If S obeys the law of trichotomy, then S is totally ordered. 
21.  Prove (use direct proof):  If 
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 and 
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 are both one-to-one functions, then 
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 is also a one-to-one function.
22.  Prove (use direct proof or contraposition):  Let R be an equivalence relation on a set S.  For all 
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, if it is not true that a~b, then 
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