Section 2:  Limits of functions

     Suppose f is a function which maps complex numbers to complex numbers.  The notion of the limit of such a function is analogous to the limit in the real case, and its properties follow by similar arguments.  We begin with the familiar ε-δ definition of limit, adapted to the complex setting.

Definition.  Let f be a complex-valued function, f : S → C, where S is a subset of C.  Let 
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 be a limit point of S.  Let L be a complex number.  Then the limit of f (z) as z approaches 
[image: image2.wmf]0

z

 is equal to L (that is, 
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) provided that for all ε > 0 there exists a corresponding δ > 0 such that for all z in S, if 
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Exercise 2.22.  Write a formal boolean expression corresponding to the preceding definition, including all the necessary quantifier symbols; then, form the negation of your expression and simplify it to learn what it means for the limit of f (z) not to equal L.

     Three points should be emphasized about the preceding definition.  First, since a limit point of S is not necessarily an element of S, f (
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) need not exist for the limit to exist.  Second, when the limit point 
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 is an element of S, the actual value of f (
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) is not necessarily equal to the limit; it's possible that f (
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.  Third, it's an essential part of the definition that 
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 be a limit point of S, that is, it's necessary for 
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 to have points of S arbitrarily close to itself so that there are points z in S with 
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; if the implication (for all z in S, if 
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) were vacuously true, then the value L would be void of meaning.  We will only concern ourselves with the limit of a function at a limit point of the function's domain.

Exercise 2.23.  Give an example of a function f : C → C such that f (0) exists, and 
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 exists, but they are not equal.

Exercise 2.24.  Show the outline for a direct proof of a statement with the following form:  For all ε > 0 there exists a corresponding δ > 0 such that for all z in S, if P(z) then Q(z).

Theorem 2.25.  (Uniqueness of limits.)  Let f : S → C, where S is a subset of C.  Let L and K  be complex numbers.  If 
[image: image17.wmf]L

z

f

z

z

=

®

)

(

lim

0

 and 
[image: image18.wmf]K

z

f

z

z

=

®

)

(

lim

0

, then L = K.

     Recall the Triangle Inequality, which we proved in Chapter 1:  For all complex numbers z and w, | z + w | ≤ | z | + | w |.  Here is the generalized Triangle Inequality; we just need to prove part (b).

Theorem 2.26 (Triangle Inequality).  For all complex numbers z and w, 

     (a)  | z + w | ≤ | z | + | w |

     (b)  | z - w | ≥ | | z | - | w | |

Exercise 2.27.  Let f : S → C, where S is a subset of C.  Prove (from the definition of limits):  If 
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Exercise 2.28.  Let f : S → C, where S is a subset of C.  Let c be a complex number.  Prove (from the definition of limits):  If 
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Theorem 2.29.  Let f : S → C, where S is a subset of C.  If 
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Theorem 2.30.  Let f : S → C, where S is a subset of C.  If 
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 and L ≠ 0, then there exists a real number δ > 0 such that for all 
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Theorem 2.31.  Let f : S → C, where S is a subset of C.  If 
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Theorem 2.32.  (Algebraic properties of limits -- to save time, we will skip the proofs.)  
Let f and g be functions from C to C (that is, their domains and ranges are subsets of C).  Let L, K, and 
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     The real and imaginary parts of a function may be considered separately as functions from C to R; by definition, these functions satisfy the following condition:  

For all z,
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For example, if f (z) = iz + 5, then f (x + iy) = i(x + iy) + 5 = 5 - y + ix.  Thus 
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Exercise 2.33.  If 
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Theorem 2.34.  Let f : S → C, where
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Theorem 2.35.  (Converse to Theorem 2.30.)  Let f : S → C, where
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Exercise 2.36.  Find each limit, if it exists.  Justify your answers.
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