Lab 3:  Turning points and extreme values				name: ___________________
Math 112, 2-8-2005

This lab is due Friday 2-11-05.  Please turn in a disk showing your Maple work, and this paper assignment showing your written work.

Some of the most important applications of differential calculus ("derivatives") are optimization problems, which can be reduced to finding the maximum or minimum values of a function.  In this lab we will find both local and absolute extrema (maxes and mins) for functions on a closed interval domain.  You’ll need to keep in mind the following essential facts (fill in the blanks):

	For a continuous function f on a closed interval, the local maxima and minima (turning points) always occur at "critical values" of x (i.e., at x in the domain of f where f '(x) = _________ or 
f '(x) =_________).


	The absolute maximum and minimum can occur either at critical values of x or at  __________. 


We begin by analyzing examples from the most easily-analyzed class of functions, the polynomials.

I.  Turning points and extreme values of a polynomial.  

If f(x) is a polynomial, then so is f '(x).  Every polynomial function is continuous for all real numbers x; 
f '(x) will never be undefined if f(x) is a polynomial.  Thus the critical values for a polynomial function will always be of the type f '(x) = 0 [rather than f '(x) = undefined].  

EXAMPLE 1. Consider  f(x) =  x^3-x^2-x+2 on the domain D = [-2, 2].
Define f  in Maple, and create a plot for x in the range -2..2:
> f:=x->x^3-x^2-x+2; plot(f,-2..2);

Based on the graph, for D = [-2, 2], how many turning points does f have?  _______  Estimate the coordinates (both x and y) of each turning point by inspecting the graph.  
Record your estimates here:  

Since the graph of f is smooth (f is a polynomial, and polynomial graphs are always smooth), the critical values for finding turning points are where f '(x) = 0.  We can ask Maple to look for such x-values.  

The syntax D(f)(x) is Maple-ese for the derivative, f '(x).  First we'll enter the equation we want to solve 
(f '(x) = 0), and then tell Maple to find approximate decimal solutions in [-2, 2] using fsolve:
> D(f)(x)=0; fsolve(%,x,-2..2);

We can also ask for all the exact solutions, with solve [copy and paste from above]:
> D(f)(x)=0; solve(%,x);

Now the y-values are determined by substituting the x-values into f(x):
> f(-1/3); evalf(%); f(1); evalf(%);

Based on the graph, f(x) is lowest (has an absolute minimum) at x = -2, and highest (has an absolute maximum) at x = 2.  Here are the corresponding y-values:
> f(-2); f(2);


Conclusions regarding f(x) on [-2, 2]:  
	The critical values for f are x = _______ and x = _______.  

f has a local maximum value of _______ at x = _______, and a local minimum value of _______ at x = _______.  
The turning points are at (_______,_______) and (_______,_______) [compare with your estimates from the beginning of Example 1].
The minimum value of f(x) on [-2, 2] is _______, and it occurs at x = _______.  
The maximum value of f(x) on [-2, 2] is _______, and it occurs at x = _______.

PROBLEM #1:  Following the syntax in Example 1, define the function f(x) = 2*x^3-50*x^2+25.  
(a)  Plot f(x) over -10..20.
(b)  Based on the graph, for D = [-10, 20], how many turning points does f have?  _______  Estimate the coordinates (both x and y) of each turning point by inspecting the graph.  Record your estimates here:


Now use Maple to find the local and absolute extrema of f(x) on [-10,20].

(c) Conclusions regarding f(x) on [-10, 20]:  
	The critical values for f are x =  _________________________________

f has a local maximum value of _______ at x = _______, 
f has a local minimum value of _______ at x = _______.  
The turning points for f are:   _________________________________
The minimum value of f(x) on [-10, 20] is _______ , and it occurs at x = _______.  
The maximum value of f(x) on [-10, 20] is _______ , and it occurs at x = _______.
=====================================================================
PROBLEM #2:  Following the syntax in Example 1, define the function 
f(x) = x*(x-3)*(x-6)*(x-10)*(x-10.3).  

(a)  Plot f(x) over the domain 0..12.

(b)  Based on the graph, for D = [0, 12], how many turning points does f have?  _______  Estimate the coordinates (both x and y) of each turning point by inspecting the graph.  Record your estimates here:




Now use Maple to find the local and absolute extrema of f(x) on [0, 12].

(c) Conclusions regarding f(x) on [0, 12]:  

	The critical values for f are x =   _________________________________

f has local minimum(s) at x = ____________________ 
f has local maximum(s) at x = ____________________ 
The turning points (both coordinates) for f are at:


	 The minimum value of f(x) on [0, 12] is ____________ , and it occurs at x = ____________.  

The maximum value of f(x) on [0, 12] is ____________ , and it occurs at x = ____________.

II.  Turning points and extreme values of other smooth functions.  

Polynomials are notable for being smooth and everywhere-continuous -- but there are lots of functions which are almost as nice.  In this section, we consider some smooth functions on a domain D for which they are continuous.

	The critical values for a smooth, continuous function will always be of the type f '(x) = 0 [rather than f '(x) = undefined].  


	The absolute extreme values of a smooth, continuous function on a closed interval D = [a, b] will always exist, and will occur at x = a, at x = b, or at critical values.  


So, the analysis of these functions is quite similar to that of polynomials.

EXAMPLE 2. f(x) =  x*sin(x) on the domain D = [0,10].

Define the function f(x) =  x*sin(x) in Maple, and create a plot for x = 0..10:
> f:=x->x*sin(x); plot(f,0..10);

Based on the graph, for D = [0..10], how many turning points does f have?  _______  Estimate the coordinates (both x and y) of each turning point by inspecting the graph.  
Record your estimates here:  

Since the graph of f is smooth and continuous, the critical values for finding turning points are where 
f '(x) = 0.  We find these one-by-one and name them:  x1 < x2 < x3.  
> D(f)(x)=0; x1:=fsolve(%,x,0..3);
> D(f)(x)=0; x2:=fsolve(%,x,3..6);
> D(f)(x)=0; x3:=fsolve(%,x,6..10);

Now the y-values at the turning points are determined by the x-values:
> f(x1); f(x2); f(x3); 
Apparently, f(x) is lowest at x = 10, and highest at x = x3.  Here are the y-values at those places:
> f(10); evalf(%); f(x3);


Conclusions regarding f(x) on [0, 10]:  

	The critical values for f are (approximately): x = _______, x = _______, x = _______

f has a local maximum value of _______ at x = _______, a local minimum value of _______ at 
x =_______, and a local maximum value of _______ at x = _______.
	The turning points are at (_______,_______), (_______,_______), (_______,_______).

The minimum value of f(x) on [0, 10] is ______________, and it occurs at x = _______.  
The maximum value of f(x) on [0, 10] is ______________, and it occurs at x = _______.

====================================================================
PROBLEM #3:  Emulate Example 2 for the function (x^3-3)/(x^2+1), which is smooth and continuous on [-2, 2].  

Begin by creating a plot:
> f:=x->(x^3-3)/(x^2+1); plot(f,-2..2);

	The coordinates where f has a local maximum on [-2,2] are x = __________ y = __________ 

The coordinates where f has a local minimum on [-2,2] are x = __________ y = __________ 
The coordinates where f has an abs maximum on [-2,2] are x = __________ y = __________
The coordinates where f has an abs minimum on [-2,2] are x = __________ y = __________ 


