Math 143
Sec. 32 Addendum:  Random Variables

Definition.  A random variable is a function of type S → R, where (S, P) is a sample space and R is the set of real numbers.

Example 1.  S = all 4-digit bit strings, that is, S = {0000, 0001, 0010, 0011,..., 1111}, with a uniform probability distribution:  for all s in S, P(s) = 1/16.  Define a random variable X : S → R by the following rule:  X(s) = the number of times a '1' is followed by a '0' in s.  The possible values (range) of X are {0, 1, 2}.  X has the following probability distribution (verify):

	x
	0
	1
	2

	P(X = x)
	5/16
	10/16
	1/16


Example 2.  S = all 3-card subsets of a standard 52-card deck; so | S | = 
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= 22100.  Define a random variable X : S → R by the following rule:  X(s) = the proportion of face cards (king, queen, jack) in s.  The possible values (range) of X are {0, 1/3, 2/3, 1}.  X has the following probability distribution (verify):

	x
	0
	1/3
	2/3
	1

	P(X = x)
	.447
	.424
	.119
	.010


Definition.  Let X and Y be random variables defined on the same sample space (S, P).  We say that X and Y are independent if, for all values a in the range of X and all values b in the range of Y, 
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Intuitively, X and Y are independent means:  knowing that X equals a does not change the probability of Y taking any particular value b, and vice-versa.  
Example 3.  (S, P) is the sample space for rolling two fair six-sided dice, where one die is red and the other die is green.  X is the sum of the two dice, and Y is the value of the first die.  Are X and Y independent?  Explain.

Problems for students to present at the board
1. (Darin)  (S, P) is the sample space for rolling two fair four-sided dice, where one die is red and the other die is green. Define a random variable X : S → R where X is the sum of the two dice.  (a)  What is the most likely value for X?  (b)  Make a table to show the probability distribution for X.  
2. (Tina) (S, P) is the sample space for rolling two fair four-sided dice, where one die is red and the other die is green. Define a random variable X : S → R where X is the product of the two dice.  (a)  What is the most likely value for X?  (b)  Make a table to show the probability distribution for X.
3. (CJ)  (S, P) is the sample space for all 5-card poker hands.  Define a random variable 
X : S → R where X(s) is the number of hearts in s.  (a)  What is the most likely value for X?  (b)  Make a table to show the probability distribution for X.
4. (Adam)  (S, P) is the sample space for rolling two fair six-sided dice, where one die is red and the other die is green.  Let X  be the absolute value of the difference between the numbers on the dice. (a)  What is the most likely value for X?  (b)  Make a table to show the probability distribution for X.
5. (Aaron)  Two unfair coins are tossed.  Coin #1 shows H with probability p1.  Coin #1 shows H with probability p2.  X is the total number of heads when the two coins are tossed together.  Make a table to show the probability distribution for X.

6. (Moana)  A fair six-sided die is rolled 5 times to generate a list of length 5 from the set {1, 2, 3, 4, 5, 6}.  (S, P) is the corresponding sample space.  (a)  Find | S |.  (b)  Let X(s) be the number of times '1' appears in s.  Find a general formula for P(X = x).
7. (Scott)  A coin is flipped 10 times.  Let XH be the number of times H appears, and let XT be the number of times T appears.  (a)  Find XH (THTHHTHHTH).  (b)  Find 
XT (THTHHTHHTH).  (c)  Are these random variables independent?  Explain.
8. (Dung)  A coin is flipped 10 times.  Let X1 be the number of times we see H immediately before T, and let X2 be the number of times we see T immediately before H.  (a)  Find 
X1 (THTHHTHHTH).  (b)  Find X2 (THTHHTHHTH).  (c)  Are these random variables independent?  Explain.  
9. (Nathan)  A card is drawn at random from a standard deck.  Let X be the value of the card (where ace = 1, king = queen = jack = 10); let Y be 1 if the card is red, 2 if the card is black.  (a)  Are these random variables independent?  Explain.  
(b)  Find P(X > 5 and Y = 1).
10. (Colby)  Two cards are drawn (without replacement) at random from a standard deck of 52 cards.  Let X be the value of the first card (see #9), and let Y be the value of the second card.  (a)  Are these random variables independent?  Explain.  
(b)  Find P(X + Y = 21), which would be a good event if you were playing blackjack.
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