Math 112, 3-22-05










Name:  ____________________

Lab 5:  Evaluating Definite Integrals
Due 1pm Friday, 3/25/05.  [Turn in this sheet and your disk, or a print-out of your Maple work.]

In this lab, we will practice two methods for estimating definite integrals, and two methods for evaluating them exactly.  Recall the following (see Stewart section 5.2):
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(c)  Max-min Rule:  If m is the absolute minimum value of f on [a, b] and M is the absolute maximum value of f on [a, b], then
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(d)  Midpoint rule:  
[image: image7.wmf]x

x

f

dx

x

f

n

i

i

b

a

D

×

»

å

ò

=

)

(

)

(

1

 , where
[image: image8.wmf]n

a

b

x

-

=

D

 and 
[image: image9.wmf]i

x

 is the midpoint of the ith base.

Before we get started, use the "with(student)" command to load some extra definitions into Maple.  
> with(student):
EXAMPLE 1:  Consider the function f(x) = 4 - x^2, for x in [1, 5].

(a)  Define f and plot its graph:

> f:=x->4-x^2; plot(f,1..5);
(b)  The Max-min rule is the easiest to use, and yields the crudest results.  To get started, we notice from the graph that on [1, 5], 
 f takes its maximum value at x =1, and its minimum value at x = 5.  So, M = f(1) = _______ and m = f(5) = ________ .  In this example, b - a = ______, so according to the Max-min rule, ____________ 
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(c)  Next we will use the midpoint rule with n = 4 (four midpoint rectangles).  To see the rectangles in question, use the "middlebox" command [you can change GREEN to your favorite color]:

> middlebox(f(x),x=1..5,4,shading=GREEN);
In this example, x = (b-a)/n = _____, and the midpoints of the bases are at ______ , ______ , ______ , ______ .

So the total rectangle area, M4, is found as follows:

> delx:=(4-1)/4; 

> M4=f(1.5)*delx+f(2.5)*delx+f(3.5)*delx+f(4.5)*delx;
According to the midpoint rule, 
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(d)  Finally, we need to use a limit of better-and-better estimates to get the exact value of the integral.  The plan is to tell Maple how to find M(n), the n-rectangle midpoint estimate, and then let n get larger and larger.  First we tell Maple our values for a and b:
> a:=1; b:=5; 
Before we do more with Maple, think about how to locate the ith midpoint when n is arbitrary.  Notice that 
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How far is 
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Now that we know where the midpoints are (in terms of a, i, and x), we can find the following: 

ith height = _______________ ,  ith base = _________________ , and  ith area = __________________ .  

This (the ith area) is the expression which we’ll tell Maple to sum up for i = 1 to n.  For example, when n = 4 we should get the same result as in (c):

> n:=4; delx:=(b-a)/n; M4=Sum(f(a+(i-1/2)*delx)*delx,i=1..n); evalf(%);

To get the exact area, we find the limit as n approaches infinity.  Compare M10, M100, and M1000 (copy and paste):

> n:=10; delx:=(b-a)/n; M10=Sum(f(a+(i-1/2)*delx)*delx,i=1..n); evalf(%); middlebox(f(x),x=1..5,n,shading=GREEN);

> n:=100; delx:=(b-a)/n; M100=Sum(f(a+(i-1/2)*delx)*delx,i=1..n); evalf(%); middlebox(f(x),x=1..5,n,shading=GREEN);
> n:=1000; delx:=(b-a)/n; M1000=Sum(f(a+(i-1/2)*delx)*delx,i=1..n); evalf(%); middlebox(f(x),x=1..5,n,shading=GREEN);
Apparently the exact value is 
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(f) We can also just ask Maple for the definite integral, and see what it comes up with; some functions may be too difficult, but this one will be fine (since it's a polynomial).  The command for definite integral is “int”:

> int(f(x),x=1..5);
PROBLEM #1.  Repeat the steps in Example 1 (copy and paste) for the function f(x) = 
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on the interval [0, 2].

(a)  Define f and plot its graph over [0, 2].

(b)  Use the Max-min rule to estimate 
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;  record your results here:

(c)  Have Maple draw the "middlebox" plot with n = 4, and use the midpoint rule with n = 4 to estimate the integral; record your results here:

(d)  Have Maple draw the “middlebox” plot with n = 10, 100, and 1000.  Use the limit of midpoint estimates (as n goes to infinity) to find the exact value of the integral:  
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(e)  Use the "int" command to find the value of the integral:  
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PROBLEM #2:  Consider a function with a vertical asymptote, f(x) = x^(-1/2) on the interval [0, 4].

(a)  Define f and plot its graph over [0, 4].

(b)  Use the Max-min rule to estimate 
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; record your results here:

(c)  Have Maple draw the "middlebox" plot with n = 4, and use the midpoint rule with n = 4 to estimate the integral; record your results here:

(d)  Have Maple draw the “middlebox” plot with n = 10, 100, and 1000.  Use the limit of midpoint estimates to find the exact value of the integral, if it exists (maybe the area is infinity?).  

What do you think -- is there a limit?  _________  If so, what is the limit?  __________

(e)  Use the "int" command to find the value of the integral (if possible): 
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PROBLEM #3:  Make up your own function to try integrating:  f(x) = _____________________ on the interval ___________ .

Do (a) - (e) as above.

(a)  Define f and plot its graph over the interval you’ve chosen.

(b)  Use the Max-min rule to estimate the integral; record your results here:

(c)  Have Maple draw the "middlebox" plot with n = 4, and use the midpoint rule with n = 4 to estimate the integral; record your results here:

(d)  Have Maple draw the “middlebox” plot with n = 10, 100, and 1000.  Use the limit of midpoint estimates (as n goes to infinity) to find the exact value of the integral:  
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(e)  Use the "int" command to find the value of the integral:  
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