Math 143

Special walks in a graph

1. A path is a walk that has no repeated vertices.

2. A Hamiltonian path is a path that visits each vertex exactly once. 

3. A cycle is a walk of length 3 or more in which the first and last vertices are the same, but no other vertices are repeated.  That is, a cycle is a walk of the form 
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 where n ≥ 3 and, for all i ≠ j, 
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4. A Hamiltonian cycle is a cycle that visits each vertex exactly once except the vertex which is both the start and end (which is visited twice).
5. A graph that contains a Hamiltonian cycle is called a Hamiltonian graph.

Examples
1. Let Kn denote the complete graph on n vertices.  For which values of n is Kn a Hamiltonian graph?  Why?
2. In geometry, a Platonic solid is a convex polyhedron that is regular, in the sense of a regular polygon. Specifically, the faces of a Platonic solid are congruent regular polygons, with the same number of faces meeting at each vertex; thus, all its edges are congruent, as are its vertices and angles.  There are precisely five Platonic solids, as shown below.  (If you've played Dungeons and Dragons, you will recognize these as dice:  4-sided, 6-sided, 8-sided, 12-sided, and 20-sided.)
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Notice a cube is also a "hexahedron" since it has 6 sides.  Each Platonic solid has a corresponding Platonic graph; the vertices of the solid are the vertices of the graph, and the edges of the solid are the edges of the graph.  The graphs are shown below.
Question:  Which of the Platonic graphs are Hamiltonian?  Why?
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