Math 143

Graph Coloring Examples
A coloring of a graph assigns a color to each vertex.  The colors can be actual colors (red, green, etc.) or can be represented by positive integers (1, 2, 3, …) or other labels.  A valid coloring of a graph requires that for all pairs of adjacent vertices u and v, the color of u is different from the color of v.
1.  The Grotzsch graph is shown below.  What is the smallest number of colors you can use to make a valid coloring of the Grotzch graph?  (Work in pencil so you can start over if needed.)
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2.  Draw the complete graph on 5 vertices.  How many colors are needed to color it?

3.  Draw a graph with 10 vertices which is 2-colorable, but not 1-colorable.

4.  Here's another named graph, the Petersen graph.  What is the smallest number of colors you can use to make a valid coloring of the Petersen graph?
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5.  Let k be a positive integer.  We say that graph G has chromatic number k provided G is k-colorable, and G is not (k-1)-colorable.  The 4-color theorem tells us that every planar graph has chromatic number less than or equal to 4, but of course, many graphs are not planar.  Conversely, many non-planar graphs have chromatic number less than or equal to 4.
(a)  What is the smallest possible chromatic number for a non-empty graph with n vertices?  Draw such a graph and color it with this many colors.  

(b)  What is the largest possible chromatic number for a non-empty graph with n vertices?  Explain.
