Math 143
Definitions for Section 23:  Functions

A function can be thought of as (1) a special kind of relation, or (2) a well-defined rule for accepting inputs and creating outputs.  Thus, we have two (equivalent) definitions for function.  The definition of a function as a special kind of relation is covered in your textbook; this handout takes the latter point of view, which is more common among mathematicians.
Definition 1:  Let X and Y be sets.  A function from X to Y is a rule f for mapping elements of X to elements of Y such that f is well-defined:  

For every x in X, there exists a unique y in Y such that y = f (x).  
In this case we call X the domain of f and Y the codomain of f.  In symbols, we write 
X = Dom(f ).
Definition 2:  The image of a function f  is Im( f ) = f (Dom(f )) = 
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.  The image of f is also called the range of f, which is denoted Ran(f ).
Comment:  We write f : X → Y to abbreviate the phrase, "f is a function from X to Y."  Notice this is a triple "and" statement:  f : X → Y  means Dom( f ) = X  and  Im( f ) 
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 Y  and  for every x in X, there exists a unique y in Y with y = f (x).  

Definition 3:  Let f : X → Y.  f is a one-to-one (or injective) function provided distinct values in the domain are always mapped to distinct values in the range:  
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Definition 4:  Let f : X → Y.  f maps onto Y (f is surjective) provided every element of Y is in the image of f, that is, every y is mapped to from some element of X:  
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Definition 5:  Let f : X → Y.  f is a bijection (or a one-to-one correspondence) provided f  is both one-to-one and onto Y.  In this case, each y in Y corresponds with exactly one x in X, in the sense that y = f (x).
Definition 6:  Let f : X → Y.  If we view f as a relation, that is, we equate f with its graph: 
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, then f -1 denotes the inverse relation of f :  
f -1 = 
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.  In general, f -1 is not a function, just a relation; but, if f is one-to-one, then f -1 is a function from Im( f ) to X.
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