Logic, Sets & Relations


   Name:  ________________________

Exam over 4.1 – 4.3 (sample)

1. (10 pts)  Let f be a function from X to Y.
(a) If 
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 is a function, are there any special properties f must possess?  Explain.

(b) Let 
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 a function? _______  If so, find a formula for 
[image: image5.wmf])

(

1

x

g

-

 and find the domain of 
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.  If not, explain why not.

(c) Let 
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 a function? _______  If so, find a formula for 
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 and find the domain of 
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.  If not, explain why not.
2. (8 pts)  Consider the “divides” relation on Z:  for integers a and b, a R b iff a | b iff there exists an integer k such that b = ak.  Justify your answers to each of the following.
(a) Is this a reflexive relation on Z?

(b) Is this a transitive relation on Z?

(c) Is this an equivalence relation on Z?

(d) Is this a function on Z?

(e) The domain of R is …

(f) The range of R is …

(g) Does R have an inverse relation?
3. (8 pts)  Consider the relation R = { (1,2), (2,3) } on the set S = {1, 2, 3}.  Justify your answers to each of the following.
(a) Is R an antisymmetric relation on S?

(b) Is R a transitive relation on S?

(c) Is R an equivalence relation on S?

(d) Is R a function?

(e) The domain of R is …

(f) The range of R is …

(g) The inverse relation is …

4.  (24 pts)  Define each term clearly and precisely using quantifiers and logical operators, etc.
(a) Let R be an equivalence relation on a set S, and let 
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(b) Let f be a mapping.  f is a function from X to Y iff …
(c) Let f and g be functions.  
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(d) Let X and Y be sets.  R is a relation from X to Y iff …
(e) Let X and Y be sets.  Let f be a function from X to Y.  w is in the range of f iff…
(f) Let S and P be sets.  P is a partition of S iff …

5.  (10 pts)  Let 
[image: image14.wmf]Z

Y

g

®

:

 be a function.  Let 
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.  Translate each of the following into quantified (where necessary) logical statements.  Do not leave negation at the front of any compound statements; distribute negation through your statements as far as possible.
(a) g is one-to-one

(b) g does not map Y onto Z
(c) 
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6.  (10 pts)  Prove:  The “divides” relation is reflexive on N.  Give a single reason for each step in your proof.

Definition.  Let a and b be integers.  a divides b iff b = ak for some integer k.
Proof:  Statements
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7.  (10 pts)  Prove:  If R is an equivalence relation on S, and P = 
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, then every element of P is a nonempty subset of S:  
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.  Give a single reason for each step in your proof.
Note:  P is the set of all equivalence classes for R.  Every element of P is an equivalence class.
Proof:  Statements
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8.  (10 pts)  Let 
[image: image21.wmf]Y

X

f

®

:

 and 
[image: image22.wmf]Z

Y

g

®

:

 be functions.  Prove:  If f and g are injections, then 
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 is an injection.
Give a single reason for each step in your proof.

Proof:  Statements
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