Math 143

Exam 4 Study Guide

12-3-12
Exam 4 will be given in CFA 111 on Weds 12/12/12, at 7:00 PM, and will cover the following material:

· 23:  Functions

· 24:  Pigeonhole Principle

· 25:  Composition of Functions

· 28:  Big O, big Ω, big Θ, floor and ceiling -- use definitions as given in Sec. 28 handout 
· 29:  Sample Spaces

· 30:  Events

· 31:  Conditional Probability and Independence

· 32:  Random Variables
· 34:  Div and Mod

· Handout:  Seven Proofs to Know for Exam 4
Important definitions and concepts (be able to explain and/or create relevant examples):

1. Functions:  definition, function notation, domain, codomain, range, image; one-to-one function; function which maps “onto” B; inverse relation of a function

2. Function proofs:  proving/disproving one-to-one; proving/disproving onto

3. Cardinality:  bijection; counting the number of different functions between finite sets; Pigeonhole Principle (p.202); sets A and B have the “same cardinality” 
(|A| = |B|)  iff  there exists a bijection from A to B.

4. Applying the pigeonhole principle  – see examples worked in class and on homework
5. How to compose functions; what is required for the composition 
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 to exist; properties of composition (commutative? associative? is there a composition identity?)

6. Definition of logb(n) and its basic properties, including the change-of-base formula.
7. Definitions for O(g(n)) and Θ(g(n)) (as in the handout, addendum to Sec. 28);  be able to prove that a function t(n) is in O(g(n)) , or is in Θ(g(n))  (see especially the problems on the handout) with the aid of a graph and a table of values -- bring a calculator to the exam.
8. Probability:  Sample space (p.246) and requirements for a probability function; event (p.250) and probability of an event; basic rules for probabilities (p.252-253); conditional probability (p.258) and independence; poker probabilities
9. Random variables:  What is a random variable?  When are random variables X and Y independent?    

10. How are a div b and a mod b defined?  How are they calculated?  What properties do they enjoy?
Practice Problems for Exam 4 

1. Write a formal logic statement, with quantifiers, to define what it means for a function f to be one-to-one from X to Y.  Repeat for onto Y.
2. Let X be the set of all graphs G with 1 ≤ | V (G) | ≤ 5.  Define 
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a. Let C4 be a circuit graph on V = {a, b, c, d}.  Draw both C4 and  f(C4).

b. Find the image of f.  Explain.
c. Is f one-to-one?  Explain.
d. Find a rule for 
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3. Let X and Y be any finite sets.  

a. What must be true about X and Y in order for there to exist a one-to-one function
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b. What must be true about X and Y in order for there to exist a bijective (one-to-one and onto) function 
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4. Write a formal, detailed proof to show that the following function is, or is not, one-to-one.  
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.  If f is one-to-one, find a rule for 
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5. Let X = {1, 2, 3, 4, 5}.  Consider the function 
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, defined by 
h = {(1, 3), (2, 5), (3, 2), (4, 1), (5, 4)}.

a. Is h one-to-one?

b. Is h onto?

c. Is 
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 a function?  ________  If so, find 
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6. S is a set of 8 different graphs on the vertices V = {1, 2, 3, 4}.  Prove:  There exist two different graphs G and H in S such that |E(G)| = |E(H)|.

7. S is a set of 12 different integers.  Prove:  There exist two different integers x and y in S such that x mod 10 = y mod 10.

8. Not counting self-designed majors, Hanover College offers majors in 30 separate disciplines.  S is a set of 35 different senior students at HC.  Suppose no student in S has a self-designed major.  Prove:  There exist two different students s1 and s2 in S such that s1 and s2 share a common major.

9. Suppose 400 people are together at a wedding reception.  Prove:  There exist two people at the reception with the same birthday (same day and month).

10. Simplify each expression as much as possible.  If the expression has a numerical value, find that value.

a. 
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b. 
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c. 
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f. 
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11. You need to show that 
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, using the definition of big O.

a. Write a formal logic statement, with quantifiers, to define what it means for 
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b. Find the smallest value of n0 such that for all n ≥ n0, 
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.  Illustrate with an appropriate graph and table.
c. Combine your answers to (a) and (b) to convince me that 
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12. Function Composition.

a. Is function composition commutative? ______  Support your answer with a relevant example:

b. Is function composition associative?  ______  Support your answer with a relevant example:

13. Prove or disprove:  Whenever x and y are rational numbers, the ceiling of xy equals the ceiling of x times the ceiling of y.  
14. Toss a pair of fair 4-sided dice.  Find the probability of each of the following events:

a. Both numbers are even.

b. The two numbers are equal to each other.

c. The sum of the two numbers is 2 or 3.

d. The product of the two numbers is less than 12.

15. Two fair 8-sided dice are tossed.  One die is green, the other is red.  G is the value of the green die, and R is the value of the red die (random variables).
a. Find P(R > G).  ______

b. Find P(R is even OR G is odd).  ______

c. Find P(R is even AND G is odd).  ______

d. Find P(R is even OR R is odd).  ______

e. Find P(R is even AND R is odd).  ______

16. Two cards are sequentially drawn (without replacement) from a well-shuffled standard deck of 52 playing cards.  Let A be the event that the first card is the Queen of Hearts.  Let B be the event that the second card is the Queen of Hearts.   

a. Find 
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b. Are the events A and B independent?  _______  
c. Let C be the event that of the two cards drawn, exactly one of them is a heart.  Find P(C).

d. Find the probability of the event D, that the two cards are different suits.

e. Are C and D independent events?  Prove your answer.

17. A 5-card poker hand is dealt at random.  An outcome is a subset of size 5 of the deck of 52 cards.  For any outcome s, let B(s) = the number of black cards in s and let R(s) = the number of red cards in s.  Recall, a standard deck of 52 cards has 26 black and 26 red cards.
a. How many outcomes are in the sample space S?

b. Find P(B = 0).

c. Find P(B = 1).

d. Find P(B = k) for an arbitrary integer k.
e. Are B and R independent random variables?  Prove/disprove.

18. Each square of a chessboard is either red or black, and the colors make a checkerboard pattern.  Two squares of the chessboard are chosen at random, with replacement, from among the 64 squares.  The outcomes are ordered pairs of chessboard squares.
a. How many outcomes are in the sample space S?

b. What is the probability that the two squares are in the same row?

c. What is the probability that the two squares are in the same row and in the same column?

d. For any outcome s, let C1(s) be the color of the first square and let C2(s) be the color of the second square.  Are C1 and C2 independent random variables?  Prove/disprove.

e. Repeat a-e if the squares are chosen without replacement.
19. Find integers q and r such that 123 = 5q + r with 0 ≤ r < 5, and calculate the following values:
a. 123 div 5

b. 123 mod 5

20. Let n be a positive integer, and let x, y be integers.  Find an expression for evaluating
(x+y) mod n using the values (x mod n) and (y mod n).  Explain.
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