Number Theory
Exam 3 Study Guide

Exam 3 will be Monday, April 16th, 9am, in CFA 105, covering chapters 3-5 of our text.  The main topics are:

· modular arithmetic
· linear congruences

· order of an integer modulo n
· Fermat’s Little Theorem

· Euler’s Theorem

· Wilson’s Theorem

· RSA encryption

About 15% of the exam will be based on being able to define the following terms clearly and precisely (including quantifiers):

· a is congruent to b (mod n) iff …
· The canonical complete residue system (mod n) is …

· A set of integers 
[image: image1.wmf]}

,...,

,

{

2

1

k

a

a

a

 is called a complete residue system (mod n) iff … 
· The order of a (mod n) , denoted ordn(a), is …

· The number of subsets of size m in a set of size n is the binomial coefficient 
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· The Euler 
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· a and b are inverses modulo p iff …

Be careful to specify the “domain” of each definition.  For example, to define 
ordn(a) we begin:  Let a and n be natural numbers with gcd(a, n) = 1. Then ordn(a) = k if …
About 15% of the exam will ask you to state one or more of the important axioms/theorems/open questions we’ve studied so far, chosen from among the following.  Given the name of the theorem or axiom, you need to be able to state it clearly and precisely, including quantifiers:
· Chinese Remainder Theorem
· Fermat’s Little Theorem (either version)

· Binomial Theorem

· Euler’s Theorem

· Wilson’s Theorem

· Converse of Wilson’s Theorem

· RSA Encryption Theorem (5.4)

About 20% of the exam will ask you to complete the statements of some of our theorems, chosen from among the following.
· 3.16.  Let n be a natural number.  Every complete residue system modulo n contains ______ elements.
· 3.20.  Let a, b, and n be integers with n > 0.  Then 
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 has a solution if and only if ___________ divides b.

· 3.24(2).  If x0 is a solution to the congruence 
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, then all solutions are of the form __________________________________ where __________________________.

· 3.24(3).  If 
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 has a solution, then there are exactly _____________ solutions in the canonical complete residue system modulo n.

· 3.27.  Let a, b, m, and n be integers with m > 0 and n > 0.  Then the system 
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has a solution if and only if ______________________ .

· 4.8.  Let a and n be natural numbers with gcd(a, n) = 1 and let k = ordn(a).  Then the numbers 
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 are pairwise _____________________________ .
· 4.13.  Let p be a prime and let a be an inteer not divisible by p.  Then 
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 is a ______________________________ .

· 4.15.  If p is a prime and a is an integer relatively prime to p, then 

[image: image11.wmf]º

-

1

p

a

 _______ (mod p).

· 4.21.  Let n and m be natural numbers that are relatively prime, and let a be an integer.  If 
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· 4.30.  Let a, b, c, and n be integers with n > 0.  If 
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· 5.1.  If p and q are distinct primes and W is a natural number with gcd(W, pq) = 1, then _______________ 
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· 5.3.  Let p and q be distinct primes and E be a natural number relatively prime to 
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.  Then there exist natural numbers D and y such that ED = _______________ .
About 25% of the exam will be based on “non-proof” exercises from Chapters 3-5.  Some of these are to be done without a calculator, so be prepared!

About 25% of the exam will be proofs, chosen from the following list of theorems:  3.8, 3.10, 3.16, 3.27, 4.3, 4.4, 4.9, 4.33 (using Euler’s Theorem), 4.36, 4.40, 5.1, 5.3.  For the proofs, begin by making a clear outline (what is to be assumed and what is to be deduced) then work to fill in the details.  I will give partial credit for a correct outline.

P.S.:  I will break the exam into two parts.  Please don’t ask to use the restroom except between the two parts.  
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