Math 220S – Logic, Sets, & Relations



Name: __________________

Exam 3
May 21, 2007
1.  (10 pts)  Prove the following theorem, stating a reason for each statement (assumption, theorem, valid argument, definition, etc.).  There should be exactly one reason for each statement.
Theorem:  For all sets A, B, and C, if A is a subset of B and A is not a subset of C, then B is not a subset of C.
Proof:  Statements
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2.  (15 pts)  Write an outline of a DIRECT proof for each type of theorem shown below.  Work the structure as far as possible.  If there is a standard form of argument for moving the outline further inward, in either direction, use it.  
(a) Prove: (x, y)  is not in A ( B.

(b) Let f be a function from A to B.  Prove:  f maps A onto B.

(c) Prove:  A is countable.  [You do not need to use the definitions of  “one-to-one”, “not one-to-one”, “onto”, or “not onto” – stop at that level of detail.]

3.  (28 pts)  Use definitions and negation rules to translate the following into statements involving quantifiers and/or logical connectives.  Leave no set operations except (, (.  Do not leave a negation as a prefix for a compound sentence.  (A, B etc. denote sets.)
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4.  (9 pts)  True, or false?  If false, give a specific counterexample.
(a) For all sets A and B, if A and B are both countable, then so is 
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(b) There is no infinite set with cardinality larger than |R|.  ____________
(c) For all sets A and B, if A is a proper subset of B, then |A| < |B|.  ___________
5.  (6 pts)  Give three different examples of sets which are uncountably infinite.

6.  (4 pts)  Consider any programming language (C++, Java, Lisp, etc.).  Recall that a computer program is made up of a finite string of character symbols.

(a) If the language is based on a set of 256 different characters, how many different programs are there of length 1 (1 character)?  ______ Length 2? ______  Length n? ______
(b) Let S denote the set of all possible computer programs in a given language.  Is S finite?  Countably infinite? Uncountably infinite?  (choose one) __________________
7.  (15 pts)  Let 
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.  A and B are infinite subsets of the universe N = {1, 2, 3, 4, … }.  Find each of the following.

(a) 
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8.  (4 pts)  A square whose sides each measure 3 units is positioned so that each of its sides is parallel to one of the coordinate axes, and its lower left corner is located at the point (-2, 1).  

(a) Sketch the square in the Cartesian plane.  
(b) Express the square as a cross-product. 
9.  (5 pts)  What is a consistent system?  _________________________________________
Is arithmetic on the natural numbers a consistent system?  Explain.
10. (5 pts)  Give an example of an undefined term in set theory: ___________________  
Why are undefined terms necessary in every axiomatic system?
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