Math 220J – Logic, Sets, & Relations



Name: __________________

Exam 3
March 23, 2007

1.  (10 pts)  Prove the following theorem, stating a reason for each statement (assumption, theorem, valid argument, definition, etc.).  There should be exactly one reason for each statement.
Theorem:  For all sets A and B, 
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Proof:  Statements






Reasons
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2.  (15 pts)  Write an outline of a DIRECT proof for each type of theorem shown below.  Work the structure as far as possible, except as noted (ask me if unsure).  If there is a standard form of argument for moving the outline further inward, in either direction, use it.  
(a) Prove: 
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(b) Let f be a function from A to B.  Prove:  f is one-to-one.

(c) Prove:  B is not countable.  [You do not need to use the definitions of  “one-to-one”, “not one-to-one”, “onto”, or “not onto” – stop at that level of detail.]

3.  (21 pts)  Use definitions and negation rules to translate the following into statements involving quantifiers and/or logical connectives.  Leave no set operations except (, (.  Do not leave a negation as a prefix for a compound sentence.  (A, B etc. denote sets.)

a.  
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 if and only if  ______________________________________________

b.  
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 if and only if  ______________________________________________

c.  
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 if and only if  ______________________________________________

d.   
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 if and only if  _____________________________________

e. 
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 if and only if  ______________________________________________

f.  
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 if and only if  ______________________________________________

g.  B is not a subset of A if and only if  _______________________________________
4.  (10 pts)  True, or false?  Just answer, no explanation required.

(a) The set of rational numbers and the set of integers are equipotent (
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(b) If A and B are both countably infinite, then 
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 is also countably infinite.  ______

(c) The set of all real numbers is uncountably infinite.  ______

(d) The power set of the natural numbers, 
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(e) Let A, B be nonempty sets.   
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 if and only if there exists a function 
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 such that f is one-to-one.  ______

5.  (4 pts)  Find 
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6.  (8 pts)  A “bit string” is a sequence of 0s and 1s.  Let 
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 denote all bit strings of length n.
(a) List the elements of S2:  _____________________________________________

(b) For every natural number n, how many elements are in 
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(c) True, or false?  
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 is countably infinite.  _____ 
(d) Let T be the set of all bit strings of infinite length; every t in T has the form 
t = t1 t2 t3 t4 … where each ti is 0 or 1.  True, or false?  T is countably infinite.  _____

7.  (18 pts)  Let 
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(a) 
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(f) If the universe is N, 
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8.  (4 pts)  Give an example of a partition P of Z (the set of all integers) such that |P| = 3.
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