Logic, Sets & Relations:  Test 2


     Name: _______________________

May 14, 2007
1.  (10 pts)  Use mathematical induction to prove the following theorem.

Theorem:  For all positive integers n, 
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2.  (10 pts)  Prove the following statement, giving a reason for each statement in your proof (assumption, theorem, valid argument, definition, etc.).

Statement:  Between every two distinct real numbers, there exists another real number.  (That is, 
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Proof:  Statements






Reasons
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3.  (10 pts)  Outline a proof by contradiction for each theorem below.  Show the beginning and ending of each proof; do not spend time working out the inner details.  (Always distribute negations through compound sentences to simplify.)
(a) Theorem:  For all natural numbers x, for all prime numbers p, if p is a factor of x2 then p is a factor of x.
(b) Theorem:  There are infinitely many prime numbers.
4.  (10 pts)  Is the given argument valid, or not valid?  (p, q, etc. denote statements.)  EXPLAIN (briefly).

a) p.  p implies q.  Therefore, q or r.
b) p implies ~q.  ~p.  Therefore, q.
5.  (10 pts)   Outline a direct proof of each of the following abstract sentences.  (If there are reasonable alternatives, just choose one.)

a.  Theorem:   p and (q or r)
b.  Theorem:  There exists a real number x such that p(x) 
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 q(x).

6.  (6 pts)  Outline a proof of the following theorem.  Show the “outer structure” and “inner structure” of the proof, but don’t worry about the innermost details.

Theorem:   For all real numbers x, 
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7.  (6 pts)  This question concerns valid arguments.  In each part, make the strongest valid deduction possible.

a) Assume p.

So, q.

Therefore, __________________________
b) p or q.  

~q.  

Therefore, __________________________

c) r implies p
~r implies q
Therefore, __________________________
8.  (8 pts)  For the following theorem, would a direct proof or an indirect proof be easier?  Outline each approach and explain clearly why the one is easier than the other.  (x is a real number.)
Theorem:  If x is irrational, then –x is irrational.
(a)  Direct Proof Outline:





Assume:






Deduce:


(b)  Indirect (contrapositive) Proof Outline:

Assume:

Deduce:

Explanation (which is easier and why):
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