Logic, Sets & Relations:  Test 2


     Name: _______________________

1.  (10 pts)  Use mathematical induction to prove the following theorem.

Theorem:  For all positive integers n, 
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2.  (10 pts)  Prove the following statement, giving a reason for each statement in your proof (assumption, theorem, valid argument, definition, etc.).

Statement:  The function  f(x) = 3x - 1 maps the real numbers onto the real numbers.
Hint:  You may want to use the following definition:  Let f be a function from X to Y.  Then f maps X onto Y if and only if 
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Proof:  Statements
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3.  (10 pts)  Outline a proof by contradiction for each theorem below.  Show the beginning and ending of each proof; do not spend time working out the inner details.  (Always distribute negations through compound sentences to simplify.)
(a) Theorem:  If the line t intersects two distinct lines  s and r, and if the corresponding angles formed are congruent, then s and r do not intersect.
(b) Theorem:  For every integer x, if x is even then x + 1 is odd.
4.  (10 pts)  Is the given argument valid, or not valid?  (p, q, etc. denote statements.)  EXPLAIN (briefly).

(a) p or q.  Therefore, p implies not q.

(b) p implies q.  Not q.  Therefore, not p.

5.  (10 pts)  Let p, q, r denote statements.  Let p(x, y) and q(x, y) denote open statements.  Outline a direct proof of each of the following abstract sentences.  (If there are reasonable alternatives, just choose one.)

a.  Theorem:   If (p or q) then r.
b.  Theorem:  For all real numbers x and y,  p(x, y) or q(x, y).
6.  (5 pts)  Outline a proof of the following theorem.  Show the beginning and ending of the proof; do not spend time working out the inner details.

Theorem: There is no largest real number.

7.  (10 pts)  Given a well-formed sentence p in a mathematical system, does there always exist either a proof of p or a proof of not p in that system?  ___________  How do you know?
8.  (5 pts)  Outline an indirect (contrapositive) proof of the following theorem.  Show the beginning and ending of the proof; do not spend time working out the inner details.

Theorem:  For every integer x, if x2 is even then x is even.
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