Number Theory





Name: ______________________
Exam 2
March 9, 2007

Directions:  No books or notes are allowed.  Calculators are okay.

1.  (15 pts)  Define each term clearly and precisely.

(a) p is a prime number.

(b) p is a Mersenne prime.
(c) The intersection of multisets A and B:
2.  (10 pts)  State the question/theorem/conjecture clearly and precisely.

(a) Prime Number Theorem:

(b) Goldbach Conjecture:

NOTE:  If you prefer, you may skip one of the three proofs and do the other two for 15 pts each.  Indicate here which proof (#3, #4, #5) you’re skipping, if any: __________

3.  (10 pts)  Prove:  For all natural numbers m and n, if m divides n then 
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4.  (10 pts)  Prove:  For every natural number k there exists a prime number p such that p > k.  [DO NOT use the fact that there are infinitely many primes.]
5.  (10 pts)  Prove:  Let p be a prime and let a and b be integers.  If p divides ab then p divides a or p divides b.  [Notice a and/or b might be zero or negative.]
6.  (4 pts)  Let x =  
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 and y = 
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 .  Find gcd(x, y) and 
lcm(x, y).  

gcd =


lcm = 

7.  (4 pts)  Refer to the previous question.  Which multiset operation is most closely associated with finding gcd?  ___________  with finding lcm?  ___________
8.  (3 pts) List the first three Mersenne primes (show your work):
9.  (3 pts)  List the first three Fermat primes (show your work):
10.  (5 pts)  Use the prime factorization of 20 to convince me that 
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 must be irrational (give an explanation rather than a formal proof).
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