Logic, Sets & Relations:  Test 2


     Name: _______________________

1.  (15 pts)  Is the given argument valid, or not valid?  EXPLAIN (briefly).

a.  x is in A.


Therefore, x is in A or x is in B.

b.  x is in A.


If x is in A, then x is in B.


Therefore, x is in B.

c.  If x is in A, then x is in B.


x is not in A.


Therefore, x is not in B.

2.  (5 pts)  Are undefined terms allowed in an axiomatic system?  Why / why not?  EXPLAIN.

3.  (5 pts)  What is a consistent axiomatic system?  Is the system of Euclidean geometry consistent?  EXPLAIN.

4.  (5 pts)  Show (clearly) how to use cases to find the solution set for the following inequality: 

(x + 5)(x - 1)<0.

5.  (10 pts)  Prove the following theorem, stating a reason for each statement (assumption, theorem, valid argument, definition, etc.).

Theorem:  For all positive integers n, 
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Proof:  Statements






Reasons
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6.  (10 pts)  Prove the following theorem, stating a reason for each statement (assumption, theorem, valid argument, definition, etc.).


Theorem:  For all integers n, 
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 is even.

Hint:  You may want to use the following definition:  Let b be an integer.  b is even iff for some integer k, b = 2k.  

You may also use the fact (theorem) that every integer is even or odd, and no integer is both even and odd.

Proof:  Statements
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7.  (10 pts)  Prove the following theorem, stating a reason for each statement (assumption, theorem, valid argument, definition, etc.).


Theorem:  For all integers x, x is even or x2 is odd.

Hint:  You may want to use the following definition:  Let c be an integer.  c is odd iff for some integer k, c = 2k + 1. 

You may also use the fact (theorem) that every integer is even or odd, and no integer is both even and odd.

Proof:  Statements
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PROOF OUTLINE PROBLEMS

Directions:  Work the structure as far as possible.  If there is a standard form of argument for moving the outline further inward, in either direction, use it.  Don’t give reasons, just show the statements which would form the outline of the proof.

8.  (15 pts)  Let p, q, r denote statements.  Let p(x, y) denote an open statement.  Show the structure for a direct proof of each of the following abstract compound sentences.  (If there are reasonable alternatives, just choose one.)

a.  Theorem:   If (p or q) then r.
b.
  Theorem:  For all real numbers y there exists a real number x such that p(x, y).
9.  (10 pts)  Repeat question 8, but outline a proof by contradiction for each theorem.

a.  Theorem:   If (p or q) then r.

b.
  Theorem:  For all real numbers y there exists a real number x such that p(x, y).
10.   (10 pts)  Let p, q, r denote statements.  Let p(x), q(x), etc…denote open statements.  Each theorem below involves an implication (or two).  Outline a proof of each theorem using an indirect proof .  

a.  Theorem:  p implies (if q then r).

b.  Theorem:  For all real numbers x, if p(x) then q(x).

11.  (5 points)  Can proof by induction be used to prove the following theorem?  If so, outline a proof by induction for this type of theorem.  If not, explain why not.

Theorem:  For all real numbers 
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