1.  a) predicate, since x is free  b) statement  c)  neither, it's not even a sentence  d) statement  e) neither (it's an ambiguous sentence)
 

2. a) (real numbers) For all x, there exists a y, y > x.
 

b) (real numbers) There exists x, there exists y, P(x) and P(y) and (x is not equal to y).
 

c) (integers) For all x, for all y, if (x is even and y is even) then (x+y is even).
 

d) (real numbers) For all x, (f(x) is not equal to zero) or (g(x) is not equal to zero).
 

e) (positive integers) There exists an x, for all y, x <= y.
 

3. a)  Let x be an arbitrary integer.  Deduce that P(x) is true.
 

b) Specify an integer x and show that P(x) is false.
 

c) Pick any "fact" about integers, like P(x):= x does not equal 1/2.
 

d) Pick a property which is not shared by all integers, like P(x):= x is even.
 

e) There exists an integer x , ~P(x).
 

4.  a) Specify a positive real number x and show that P(x) is true.
 

b) Let x be an arbitrary integer.  Deduce that P(x) is false.
 

c) Pick a property which is true for at least one positive real number, like Q(x):= x squared equals 2.
 

d) Pick a property which is false for all positive real numbers, like Q(x):= x < -10.
 

e) For all positive real numbers x, ~P(x).
 

5. a) No.  In statement S, the value of y can vary depending on x.  In statement T, there must be a single value of y in the domain which is compatible with all values of x in the domain.
 

b) Yes.  If statement T is true, then there is a y in the domain which is compatible with all values of x in the domain.  You can use that value of y to show S is true (use that same y for every x).
 

c) No, T is stronger.  In some cases, S is true but T is false.
 

6. a) ~B implies ~A
 

b) ~A implies B  (Also OK:  ~B implies A)
 

c) A
 

d) ~A or ~B
 

e) ~A and ~B
 

f) p and ~q
 

g) For all x, ~P(x)
 

h) There exists an x, ~P(x)
 

7. a)  Yes.  Every statement is either true or false.
 

b) No.  If "A implies B" is vacuously true, and B is true, then the overall implication is false.
 

c) Yes. Suppose the hypothesis is true.  From A we can infer B, and we know A is true; it follows that B must be true.
 

d) Yes.  Suppose the hypothesis is true.  It's an "and" statement, so ~B must be true, making the implication true.
 

8. a) If x is not irrational then x is an integer.  ("B implies A")
 

b) If xi is irrational then x is not an integer.  ("~B implies ~A")
 

c) x is an integer and x is irrational.  ("A and ~B")
 

d) No.  An implication of the form "F implies T" is TRUE, but its converse, "T implies F", is FALSE.
 

e) Yes.  "A implies B" is false exactly when A is True and B is False.  "~B implies ~A" is true exactly when ~B is True and ~A is False, that is, B is false and A is true.  
 

9. a) see your textbook
 

b) It's not a tautology.  It's false whenever A is false.
 

A    B    (A implies B)    implies    ~   (A implies ~ B)
------------------------------------------------------
T    T            T                T         T          F
T    F            F                T         F          T
F    T            T                F         F          T
F    F            T                F         F          T
 

10. a) Specify a "candidate," an x in the domain.  Show that x makes both predicates true:  P(x) and Q(x).
 

b) Let x and y be arbitrary elements of the domain and assume they both make P true:  P(x) and P(y).  Show that x = y.
 

c) Assume that A is true.  Prove that B is true and C is false.
 

d)  Assume that B is false or C is true (consider two cases).  Show that in either case, A is false.
 

e) Assume that P is true and Q is false.  Deduce any contradiction.
