Math 220S
Exam 1 Practice Problems
5-4-11
Here are some problems for extra practice, in addition to all the exercises and problems from Chapter 1.  Note:  If I put any proofs on the exam, they will be straightforward and they will come directly from the text.
1.  Is the expression a statement, a predicate, or neither?  Explain.

(a)  x + 5 = 12    

(b)  For every real number x, 
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(d)  t is an odd integer.

(e)  There exists an integer t such that t is odd.
(f)  3 is an odd integer.   

(g)  3 is the best number.   
2. Translate each sentence into an equivalent logic statement, using variables, predicates, and quantifier symbols (
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).  Indicate the domain of discourse either within the statement or in front of the statement (parenthetically).  Be sure to explicitly quantify each variable.
(a)  For every real number, there is a larger real number. 
(b)  There is more than one real number whose square equals 5.
(c)  If you add two even integers, the result is even.

(d)  The square root of a negative real number is not a real number.
(e)  There is a smallest natural number.
3.  P(x) is a predicate about an integer x.  Consider the statement S: For all integers x, P(x).  

a) How would you prove S is true?  

b) How would you prove S is false?  

c) Give an example of a predicate P(x) so that S is true.

d) Give an example of a predicate P(x) so that S is false.

e) Negate the statement S.  As usual, write the negation as a positive statement, to whatever extent is possible.

4.  Q(x) is a predicate about a positive real number x.  Consider the statement T: For some positive real number x, Q(x).  

a) How would you prove T is true?  

b) How would you prove T is false?  

c) Give an example of a predicate Q(x) so that T is true.

d) Give an example of a predicate Q(x) so that T is false.
e) Negate the statement T.  As usual, write the negation as a positive statement, to whatever extent is possible.

5.  Let P(x, y) be a predicate involving the variables x and y.  Consider the statements S and T as follows:

· S:  For every x, there exists a y such that P(x, y).

· T:  There exists a y such that for every x, P(x, y).
a) Given a non-empty domain U and a specific predicate P, if S is true, must T be true?  Explain.

b) Given a non-empty domain U and a specific predicate P, if T is true, must S be true?  Explain.

c) Are S and T logically equivalent?  Why/why not?

6.  Complete the statements of the following laws of logic from Chapter 1.

· contraposition:  A 
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· rephrasing ‘or’ with ‘implies’:  A 
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· negations:  
~ (~ A) 
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7.  Is the given statement a tautology?  Explain.

(a)   A 
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8.  Consider the predicate p(x) where the domain is understood to be the real numbers:  
p(x) := “If x is an integer then x is not irrational.”
Use English sentences to answer the following.  
(a) State the converse of p(x):
(b) State the contrapositive of p(x):
(c) State the negation of p(x):
(d) Is the converse of an implication always logically equivalent to the original implication?  Explain.
(e) Is the contrapositive of an implication always logically equivalent to the original implication?  Explain.
9.  (a)  Make a single, large truth table to define the meanings of negation (~), conjunction (
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), disjunction (
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), implication (
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 (b)  Make a truth table for the statement (A 
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 ~ B).  Is this statement a tautology?  Why/why not?
10.  Outline the proof, as specifically as possible (tell what to do to get started, and what to do to finish):  
a) Existence proof, to prove "there exists an x such that P(x) and Q(x)."
b) Uniqueness proof, to prove "there are not two different x values which make P(x) true."
c) Direct proof of an implication, to prove "if A, then B and not C."
d) Proof of an implication by contraposition, to prove "if A, then B and not C."
e) Proof by contradiction, to prove "if P, then Q."
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