Mat 111 Worksheet

Identifying Continuous Functions

10-16-06

The word “continuous” means to “go on without interruption.”  If a function is continuous at a point in its domain, you can trace through the graph of the function at that point without lifting your pencil.

The never-lift-your-pencil description of continuity provides us with a nice visual method for recognizing when a function is continuous at a point, but to get a precise, mathematical description of continuity, we use limits.

First note that there are three common discontinuities, that is, features of a graph which cause it to not be continuous.  Each discontinuity can be characterized using limits, as follows.

I.  Removable Discontinuity

A removable discontinuity is, roughly speaking, a “hole” in the graph at x = a.  We say that f has a removable discontinuity at x = a if

(1) the limit of f(x) as x approaches a is a real number L;

(2) the value of f(a) is undefined or is a number different from L.

(a)  Sketch the graph of a function which has a removable discontinuity at x = 3.  Indicate the location of L on the y-axis.  What is f(3) for your example?  _____  What is L?  _____

(b)  Give the formula of a function (doesn’t have to match your graph) f which has a removable discontinuity at x = 3.  What is f(3) for this example?  _____  What is L?  _____

II.  Jump Discontinuity

A jump discontinuity occurs where the y-values of the graph suddenly “jump” up (or down) to a new level at x = a.  We say that f has a jump discontinuity at x = a if

(1)  the limit of f(x) as x approaches a- (from the left) is a real number LL;

(2)  the limit of f(x) as x approaches a+ (from the right) is a real number RL;

(3)  LL and RL are different.

(a)  Sketch the graph of a function which has a jump discontinuity at x = 3.  Indicate the locations of LL and RL on the y-axis.  What is f(3) for your example?  _____  LL?  _____  RL? _____

(b)  Give the formula of a function (doesn’t have to match your graph) f which has a jump discontinuity at x = 3.  What is f(3) for this example?  _____  LL?  _____  RL? _____

III.  Vertical Asymptote

We’ve already seen the following definition:  a function f has a vertical asymptote (which is a type of discontinuity) at x = a provided at least one of the one-sided limits of f(x) is ( ( as x approaches a.  If we denote the one-sided limits as LL and RL (see II) then we can say that f has a vertical asymptote at x = a provided 

(1)  LL = ( ( or RL = ( (.
(a)  Sketch the graph of a function which has a vertical asymptote at x = 3.   What is f(3) for your example?  _____  LL?  _____  RL? _____

(b)  Give the formula of a function (doesn’t have to match your graph) f which has a vertical asymptote at x = 3.  What is f(3) for this example?  _____  LL?  _____  RL? _____

IV.  A Limit-Based Definition for Continuity

Recall, 
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 exists (as a real number) if, and only if, the one-sided limits (LL and RL) are the same real number.  

Question #1:  If there is a real number L such that 
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 = L, can f possibly have a vertical asymptote at x = a?  Explain:

Question #2:  If there is a real number L such that 
[image: image3.wmf])

(

lim

x

f

a

x

®

 = L, can f possibly have a jump discontinuity at x = a?  Explain:

Question #3:  If there is a real number L such that 
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 = L, can f possibly have a removable discontinuity at x = a?  Explain:

To be sure that f is continuous at x = a, it is necessary but not sufficient to know that there is a real number L such that 
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 = L.  Can you suggest an additional requirement which will rule out all the discontinuities discussed in this worksheet?  Explain:
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