Math 343
Definitions for Relations (4.1 - 4.3)

3/03/08
A.  General Terms for Binary Relations.
For each of the following, assume that R is a binary relation on set S, that is, R is a subset of S × S.  When (x, y) is in R, we also write x R y.
1. R is reflexive if for all x in S, x R x.
2. R is irreflexive if for all x in S, ~(x R x).
3. R is symmetric if for all x, y in S, if x R y then y R x.
4. R is antisymmetric if for all x, y in S, if  (x R y and y R x)  then x = y.
5. R is transitive if for all x, y, z in S, if  (x R y and y R z)  then x R z.
6. R is an equivalence relation if R is reflexive, symmetric, and transitive.
7. R is a partial order if it is antisymmetric and transitive.  A reflexive partial order can be represented by the symbol "
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 " and an irreflexive partial order can be represented by the symbol " < ".

B.  Terms for Partial Orders

For each of the following, assume that R is a partial order on set S, that is, <S,R> is a poset.  
1. We say x, y in S are comparable if either x R y or y R x.

2. If every pair of distinct elements in S are comparable, we say R is a total order or linear order.

3. A set of elements in a poset is called a chain if all the distinct elements are comparable to each other.  A sequence of elements x1, x2, x3, ... (finite or infinite sequence) if called a descending chain if xi > xi+1 for each i ≥ 1.  In this case we can write the chain as  x1 > x2 > x3 >  ...  An ascending chain is defined similarly, but we have  x1 < x2 < x3 <  ...
4. A poset is said to be well-founded if every descending chain of elements is finite.

5. Let x and y be elements of S.  If x < y then x is a predecessor of y, and y is a successor of x.  If x < y and there are no elements z (distinct from both x and y) with x < z < y, we say x is an immediate predecessor of y (or, y is an immediate successor of x).  
6. An element x in S is minimal if it has no predecessors:  for all s in S,          ~(s < x).  
7. An element x in S is maximal if it has no successors:  for all s in S, ~(s > x).  

8. Theorem:  Let S be a poset.  S is well-founded iff every nonempty subset of S has a minimal element.
9. To illustrate a poset with a Hasse diagram, we make a graph showing some or all of the elements of S.  If x is an immediate predecessor of y, x will appear one level lower than y in the diagram and there will be an edge connecting them.  Each x is adjacent to (one edge away from) exactly those elements which are immediate predecessors or immediate successors of x.

10.    Minimal elements (if any) appear at the lowest level of the Hasse diagram, and maximal elements (if any) appear at the highest level.  Some posets have no minimal or maximal elements, such as Z in its standard less-than ordering.
11.    Let A be a nonempty subset of poset S.  An element x in S is a lower bound of A iff for all a in A, x ≤ a.  Similarly, x in S is an upper bound of A iff for all a in A, x ≥ a.
12.   If x is a minimal element of S and is a lower bound of S, we call x the least element of S.  Notice that a least element of S has to be minimal and comparable with all other elements of S.

13.   If x is a maximal element of S and is an upper bound of S, we call x the greatest element of S.  Notice that a greatest element of S has to be maximal and comparable with all other elements of S.

14.   If x is a lower bound of A and if z ≤ x for ALL lower bounds z of A, then x is the greatest lower bound (glb) of A.  Similarly, if x is an upper bound of A and if x ≤ z for ALL upper bounds z of A, then x is the least upper bound (lub) of A.  
15.   If a poset S has the property that every two-element subset {x, y} has both a glb and lub, then S is a lattice.
16.   If <S, R> is a poset, then a list of elements from the set is topologically sorted if, whenever two elements in the list satisfy a < b, then a is to the left of b in the list.

17.   Mathematicians use the terms lexicographic order and dictionary order interchangeably.  Let S be a set of strings over alphabet A, and let A be totally ordered.   S has the following lexicographic or dictionary ordering:       For any two strings x = x1x2…xi (or x = ) and y = y1y2…yj (or y = ) in S, we say x < y in dictionary order if any of the following are true:
a. x is empty and y is not empty.

b. x1 < y1.

c. x1x2…xk is an initial substring of y for some k ≥ 1 (x1 = y1 , x2 = y2, …, xk  = yk) and xk+1 < yk+1.
d. x is an initial substring of y (x1 = y1 , x2 = y2, …, xi  = yi) and y is longer than x.

18.   Mathematicians use the term standard ordering for a set of strings to mean what computer scientists usually call lexicographic ordering.  Let S be a set of strings over alphabet A, and let A be totally ordered.   S has the following standard ordering:  For any two strings x = x1x2…xi (or x = ) and y = y1y2…yj (or y = ) in S, we say x < y in standard order if either of the following is true:

a. x is shorter than y.

b. x and y are the same length, and x < y in dictionary order.

If the term lexicographic order appears in the homework, treat it the same as “dictionary order.”
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