Chapter 2 Review
Summary of Proof Techniques
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1.  Theorem:  p implies q
Comment:  You can assume p and deduce q, or assume not q and deduce not p.  If all else fails, try proof by contradiction.
a.  Direct Proof:


Assume p


…


…


So, q


Thus p implies q

b.  Indirect Proof:


Assume not q


…


…


So, not p


Thus p implies q

c.  Proof by Contradiction:


Assume p and not q


…


…


Contradiction!


Thus p implies q

===============================================================

2.  Theorem:  p if and only if q
Comment:  You can show separately that p implies q and q implies p, or (when the equivalence is “superficial”) you can perhaps string together a list of equivalences connecting p with q.

a.  2-Paragraph Proof:

   part 1:  Assume p


…


…


So, q


p implies q

   part 2:  Assume q


…

…


So, p


q implies p


Thus, p if and only if q.
b.  “iff” style proof (not in text):


p ↔ r1

r1 ↔ r2

r2 ↔ r3

…


rn-1 ↔ rn

rn ↔ q


Thus, p if and only if q.
3.  Theorem:  p or q
Comment:  (p or q) is logically equivalent with (~p implies q).

Direct proof of the equivalent implication:

Assume not p


…


…


So, q


Thus p or q

===============================================================

4.  Theorem:  p and q

Comment:  Since “and” requires both components to be true, we have to derive both p and q from previous facts and definitions.

a.  2-part proof:


part 1:
…


…



So, p


part 2:
…


…


So, q


Thus p and q.
===============================================================

5.  Theorem:  (p or q) implies r
Comment:  Working forward from an “or” statement is usually handled with cases.

Proof by cases:


Assume p or q


Case 1:  Assume p



…



…



So, r



Case 2:  Assume q



…


.
…



So, r


In either case, r


Thus (p or q) implies r

6.  Theorem:  p

Comment:  For any form of statement, proof by contradiction can be applied (though a direct proof is preferred where possible).  Assume the theorem is false and derive a contradiction.
Proof by contradiction:


Assume ~p


…


…


Contradiction!


Thus p

7.  Theorem:  
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Comment:  A direct proof of a universally-quantified statement requires us to prove the open statement is true for an arbitrary element of the domain.  If the domain is the natural numbers (or any segment of the integers starting from c), proof by induction is another option – see below.  
Direct Proof:  

Let x be in S.


…


…


So, p(x)


Thus 
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8.  Theorem:  
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Comment:  A direct proof of an existentially-quantified statement requires us to give a specific example of an x in the domain which satisfies the open statement.

Direct Proof:


Set x = ______ .


…


…


So, p(x)

Also, x is in S because …


x is in S and p(x)

Thus, 
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9.  Theorem:  
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Comment:  The Principle of Mathematical Induction tells us that if p(1) is true, and if p(n) implies p(n + 1) for all n, then 
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  We prove the base case and then carry out the induction step (proof of the quantified implication).

Proof by induction on n:


Let p(n) denote ____________ (give a label to the open statement)


Base Case:  p(1) is true because …


Induction Step:  Let n be in N.


                           Assume p(n) is true.




   …




   …




   So, p(n + 1) is true.


Conclusion:  
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10.  Theorem:  
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Proof by induction on n:


Let p(n) denote ____________ (give a label to the open statement)


Base Case:  p(c) is true because …


Induction Step:  Let n be in N with n 
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 c.

                           Assume p(n) is true.




   …




   …




   So, p(n + 1) is true.


Conclusion:  
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